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• It is important to correctly model the CD4 cell count or disease biomarkers of a 
patient in the presence of covariates or factors determining the disease 
progression over time. 

• The Poisson mixed-effects models (PMM) can be an appropriate choice for 
repeated count data. 

• However, this model is not realistic because of the restriction that the mean and 
variance are equal. 

• PMM can be replaced by the negative binomial mixed-effects model (NBMM). 
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• CD4 cell counts deliver a sign of the wellbeing of an individual immune system. 

• It also provides information about disease progression that play an essential 
role in the immune system. 
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CD4	cell
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• Data from the CAPRISA 002 AI Study

• Between August 2004 and May 2005, CAPRISA introduced a cohort study 

recurring high-risk HIV negative women to a follow-up study

• monitored to examine disease progression and CD4 count/viral load evolution. 
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• Statistical modeling method applied to count data

• A linear model consists of a response variable Y, which is assumed to be 

normally distributed, and several predictors (𝑥!, 𝑥", . . . , 𝑥#). 

• Multiple regression analysis studies the linear relationships among two or 

multiple independent variables and one dependent (response) variable. The 

multiple regression model is given by 
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• They extend these multiple linear regression model ideas to generalized 

linear models (GLM) where the distribution of the outcome variable can 

include distributions other than normal.

• Then the outcome 𝑦$ can be continuous, count, ordinal, categorical, and 

so on as long as its distribution is from the exponential family.

• A Poisson process is mainly used as an initial point for modeling the 

stochastic difference of count data around a theoretical expectation. 
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• The Poisson regression is a commonly-used statistical model for n responses 

𝑦!, … , 𝑦% whose domain is non-negative integer values. 

• Each 𝑦$ is modeled as an independent Poisson random variable.

• Thus, a model for the Poisson rate parameter 𝜆$ is given by 

• 𝑥!", . . . , 𝑥!# : a set of p explanatory variables

• 𝛽 = 𝛽$, . . . , 𝛽# : regression coefficients
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• The probability mass function(pmf) of the poisson random variable with 

parameter (𝜆$)
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Likelihood function

• Likelihood function of Poisson regression model for getting model parameter 

estimates based on Data.
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Overdispersion

• 𝑣𝑎𝑟 𝑦$ = Φ ∗ 𝜆$ , Φ > 1 à over-dispersion (Φ : variance parameter)

• 𝑣𝑎𝑟 𝑦$ = Φ ∗ 𝜆$ , Φ =1

• 𝑣𝑎𝑟 𝑦$ = Φ ∗ 𝜆$ , Φ < 1 à under-dispersion

► Relation  : 𝑣𝑎𝑟 𝑦$ = -Φ ∗ .𝑦

∴ -Φ = 𝑣𝑎𝑟 𝑦$ / .𝑦

Overdispersion criteria for realistic data
Pearson chi-square statistic (𝜒!)/df >1 : suspicion
Pearson chi-square statistic (𝜒!)/df >2 : definite
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Negative binomial distribution

• The parameter estimates based on the negative binomial model are not 

exceptionally different from those based on Poisson model. 

• However, the Poisson model underestimates the SEs when over-dispersion is 

present, leading to improper inference.
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Negative binomial distribution

• In Negative Binomial distribution, the variance tends to increase more 

significantly as the mean increases, including the inherent additional 

variability.

• 𝑦$ ~ NB(𝜇$, 𝜇$[1 + 𝜇$/𝛼]) where 𝛼 𝛼 > 0

• 𝐸 𝑦 = 𝛼θ = 𝜇

• 𝑣𝑎𝑟 𝑦 = 𝛼𝜃(1 + 𝜃)
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Gamma distribution

• The part where gamma distributions are used for overdispersion modeling 

plays a key role in defining the dispersion structure of the negative binomial 

distribution model.

• Gamma distribution is used to estimate this overdispersion parameter, which 

increases the flexibility of the model, allowing more accurate capture of the 

overdispersion observed in real data.
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Gamma distribution

• 𝜃 :  scale parameter
• 𝛼 : shape parameter

• Y|𝜆 ~ 𝑝𝑜𝑖𝑠𝑠𝑜𝑛 𝜆
• 𝜆 ~ Gamma 𝛼, 𝜃
• 𝒇 𝒀 = 𝒑𝒐𝒊𝒔𝒔𝒐𝒏 𝒀 𝝀 ∗ 𝒇 𝝀 ~ 𝑵𝑩 𝝁𝒊, 𝝁𝒊(𝟏 +

𝝁𝒊
𝜶
)
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Negative binomial distribution

𝑖 : # of observation
𝛼 ∶ parameter of Gamma distribution
𝛽 : model parameter 
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Generalized linear mixed - effect model

• It is necessary to extend the GLM to generalized linear mixed-effects models, 

including a subject-specific random effect introduced in the linear predictor to 

seize the dependence. 

• This involves modeling the inherent associations that exist between data 

measured multiple times for the same subject over time. 

• This approach enables more accurate capture of each individual's patterns of 

change over time, thus increasing the accuracy of the analysis.
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Generalized linear mixed - effect model

𝛽$ , 𝛽%, 𝛽&, … , 𝛽' : fixed effect

𝑏($, 𝑏(%, … , 𝑏(' : random effect

𝜖() ∶ residual 

j : time point
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b% : random effect 
𝛽 : fixed effect 
x%& : variable of interest
𝑧!' : explanatory variables for random effects
𝜇!' : 𝐸(𝑦!')
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• It shows the relationship between the 
number of CD4 cells in HIV-infected patients 
and various factors. 

• CD4 cell count is an indicator of immune 
system status, and this table shows the 
patient's weight, viral load, number of age, 
education level, residence, and ART 
treatment compared to the CD4 cell count 
range.

(chi-square test)
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Result

• This graph shows how patients' immune systems change over time
• By tracking these changes, they can monitor the progression or treatment 

effectiveness of HIV.
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Result

• An analysis of variance that assesses the significance of fixed effects.

• Time in month, Sqrt_time, ART, VL  appear to be a significant fixed effect in both models, suggesting 

that these variables are likely to have a significant influence on CD4 cell number.
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Result

A prediction of changes in the number of CD4+ cells in an arbitrarily selected individual patient
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• �̂�! : Number of predicted CD4+ cells log-transformed
• log(�̂�!) : Predicted number of CD4+ cells in the ith patient

• The actual number of CD4+ cells in which log-transformed predictions are converted back to the 
original scale
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Result

• This table shows parameter estimates 
obtained after using the multiple 
imputation method to deal with 
missing data. 

• This is a statistical technique for 
handling missing data, creating 
multiple alternative datasets, 
performing analyses on each, and 
then combining the results to give an 
overall estimate.
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• GLMs extend the standard concept of linear models to outcome variables 

whose distribution is from a member of the exponential family. 

• GLM consists of three components

① a stochastic component that characterizes the likelihood distribution of the response 

variable; 

② a linear predictor that is a systematic component portraying the linear model 

characterized by the explanatory variables; 

③ a link function that connect the mean of the response variable to a linear combination of 

the explanatory variables. 
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• Longitudinal studies, also called mixed-effects models, are used to study changes 

in the response variable over a relevant interval of time or space and the effects 

of different factors on these changes. 

• The two fundamental issues in longitudinal studies are constructing an 

appropriate model for the mean and choosing a reasonable but parsimonious 

model for the covariance structure of longitudinal data. 

• Due to the presence of overdispersion in the dataset, a Negative Binomial Mixed 

Model (NBMM) with an unstructured (UN) covariance structure is suitable.



Thank	you	for	listening
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UN covariance structure
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Visual evidence of overdispersion
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Overdispersion
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